Homework 1 Solutions — Relativity (GOI36A)
18/11,/2020

1 The Three-Sphere

1.)

(3 points) In matrix form, with entries indexed by (0, ¢, 1), the metric is
1 1 0 0
Guw = 7 0 1 cosf] . (1.1)
0 cosf 1
Inverting this matrix yields
1 0 0
g =410 sir1129 *Zﬁfg : (1.2)
__cos 1

sin? 0 sin? 6

Since the metric components depend only on 6, all non-zero Christoffel symbols must have
at least one index equal to §. Moreover, since ggg is constant and ¢g?* and 9o are both
non-zero only when p = 0, any symbol with two or three instances of 8 will automatically
be zero.

Additionally, symbols like Fz) » and I‘fw vanish automatically, since g4 and g,y are both
constant and thus independent of . The Christoffel symbols are also symmetric in their
lower indices. Finally, the metric is invariant under ¢ <+ 1, and so the Christoffel symbols
will be as well. This leaves us with only three independent, non-zero symbols that we
must calculate:

9 ¢ ¢
Loy s F9¢> » Ty - (1.3)
The formula for the Christoffel symbols is
1
FZV - §gpa (augua + al/gua - 3ag,w) . (1.4)

Plugging in for the three symbols above and using our symmetries yields the following
non-zero symbols:

gy =Tho = —%99939%1/1 = Sige 7
F3¢ =T = ngb =Ty = %9‘”’30%111 = 2:0;«90 v (1.5)
(4 points) The Riemann tensor R, ,; has the following (anti-)symmetry properties:
Rivpo = —Ruppo = —Ruvop = Rpopu - (1.6)

The antisymmetry in the first and second pairs of indices mean that the Riemann tensor
vanishes whenever an index appears more than twice. Then, accounting for the exchange



symmetry of the first and second pairs, we conclude that the following six components
are independent and not automatically zero:

Rogop » Ropoy » Ropey » Rogow s Rogpe » Ropey - (1.7)

But, if we now account for the ¢ <> ¥ symmetry of the metric, we end up with only four
independent components we must compute:

Rogop (= Royoy) » Ropey » Rogoy  Rogue (= Roygy) - (1.8)

To compute these, we need to first calculate the relevant components of the (1,3) version
of the Riemann tensor

RV, .y = 0Ty — 0T, + TH\ T, =0T, (1.9)
and then lower indices appropriately. We compute that
R s05 = —TouTi0 = % )
R 4 = OpT Gy = DTl = % )
Ry =T0\s — T3, =0, (1.10)
Ry = Tl = i )
RY g = —Tglhs = —#

With these, the four independent components (1.8) of the Riemann tensor are

1
Rogos = goo R’ 4 = 16
.2
sin“ 6
oo = Goo IV gy T 9oty = Ty (1.11)

0 cos 6
R9¢9w = goo R GOy — 16

0

Now, we want to compute the Ricci tensor R, = ¢’ R,,-,. Since the Ricci tensor is
symmetric, and since we still have the ¢ <> 1) symmetry, there are only four independent
components that we need to compute:

Rop , Ropg (= Ryy) » Rog (= Rop = Roy = Ryg) , Rey (= Ryg) - (1.12)
Using our independent Riemann tensor components, we compute these to be as follows:
1
Rog = 9% Roogo + 9" Rygyo + 29%Y Rpppo = 3
1
Rys = 9" Rogos + 9°Y Rygps = =
op = 9 00 T 9 hppo 2 (1.13)
Roo = 9" Ryops + 97" Roppp = 0,
cos 6
Ryy = 9" Rogoy + 9% Rysop = 5

Finally, we need to compute the Ricci scalar R = g"”R,,,. Note that since gt has off-
diagonal elements, the Ricci scalar will also involve the off-diagonal elements of R,,,. We
find that

R=¢"R,, = geeReg + g¢¢R¢¢ + gTM}pr + QQ(W’RQW =6, (1.14)

where we ignored terms that depend on Ry, since it is zero.



3.)

(2 points) First, let us define
Grvpe = GupJvo — JuaJup - (1.15)
Notice that this tensor satisfies the following (anti-)symmetry properties:
Guvps = —Guppe = —Guvep = Gpopw - (1.16)

These are precisely the same properties that the Riemann tensor obeys, and so both
R,p0 and G p0 can in principle be proportional. Since they obey the same symmetries,
it suffices to compare only their few independent components to see if the tensors are
proportional. Explicitly, we compute that

1
Gogop = 9009 = —

16’
sin? 6
Govop = Gosuw — 9ovdew = —1g~ » (1.17)
cos 0
Gogoy = 96096y = TR

Gopgy = 9o¢9sy — 9oypdee =0 .

Upon comparison with the four independent components (1.11) of the Riemann tensor, we
can see that all independent components of R, and G, s are exactly equal. Therefore,
we conclude that

Ryuvpoe = Gup9vo — GuoGvp (1.18)

and so ¢; = 1.

To show that R, = c2g,, for some constant cz, we could in principle demonstrate that
the symmetries match and then compare the independent components. An easier method
is to simpy use our result (1.18) and contract with the metric tensor:

Rul/ = gpnguau

= gpg(gpag;u/ - gpugua)

= 5ggul/ - 5gg;w (1'19)
= 39ur — G
=29uv -

Thus, R, = c2g,, with co = 2. Note that we are considering a three-dimensional mani-
fold, and thus 4}, = 3, the number of spacetime dimensions.

(1 point) First, we must compute the determinant g of the metric:

1 1 0 0 3 1 0 0
g = det 1 0 1 cosf = <4> det |0 1 cosf
0 cosf 1 0 cosf 1 (1.20)

1\* 1 cosf 1 9 sin? 6
_<4) XIXdet<cosﬁ 1 )—64(1—(308 0) = TR

Thus, the square root of the determinant is

sin 6

Vi=g (1.21)

Taking into account the given integration ranges, the volume is

2m 4m T
V= /d3:1;\/§ = é/ d(;S/ dl/)/ sin@ = —n? [cos G]zzg =27? . (1.22)
0 0 0
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2 Time Dilation for Orbiting Satellites

1)

(2 points) The satellite will follow a geodesic, and so its path z#(\) is described by the
geodesic equation
d?at dx¥ dx”
1K — =0 2.1
d\2 v dX\ dX\ ’ (2.1)

where A is the affine parameter along the geodesic. We can take this to be 7, the proper
time that the satellite experiences, and so we can write this as

F 4 TH 33l =0, (2.2)

where dots denote derivatives with respect to 7.

The satellite orbits at a constant r and 6, which means that both 7 and 0 are zero. The
r-component of the geodesic equation therefore simplifies to

T2 + 2Tyt + T, =0 . (2.3)
The three Christoffel symbols that appear in the above equation are the only Christoffel

symbols we need to compute.

First, we note that the metric is diagonal, and so any symbol with three different indices
(like F:¢) will vanish. Then, since the metric components depend only on r and 6, the
two remaining symbols are computed as follows:

1 1 2GM GM
l-\r _ __ rra —_ a 2 —
= TR I T o o) <C r > 21— 29) o)
1 1 rsin? @ '
T o= __q"H S | 2'29 — _ .
00 = 79 9ol = To og) (rsin®0) = 5
Note that we used the fact that the metric is diagonal to easily compute ¢"" = g%. If
we now fix 7 = R and 0 = 5 and plug the Christoffel symbols into the geodesic equation
(2.3), we find that
1 GM '2 '2
2 _ = 2.
1_2¢(R2 ms) 0, (25
the solution of which requires
. R3 .
= ——¢*. 2.6

Note that we had to compute the Christoffel symbols before fixing r and 6 to be constant.
Doing this the other way around will give the wrong result.

(3 points) In the remaining problems, let Rg = Rp + R, be the distance between the
satellite and the center of the Earth. Our result from the previous problem tells us that
any infinitesimal changes in time dt and angle d¢ along the satellite’s path are related by
R3
dt* = =2 d¢? . 2.7
S dg (27)
Additionally, since r and 6 are fixed, dr = df = 0 along the satellite’s path. Therefore,
the proper time 7 that the satellite experiences is defined by

2GM
c2Rg

ds? = —c2dr? = — <1 — ) dt* + Ridg® . (2.8)
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Solving for d7, we find that

2GM R?
dr=4/(1- di?2 — S dp?
’ \/< C2RS) c? ¢
_ 2GM R% 9 R% 9 (2.9)
B \/(1 B C2RS> GM T
R} 3R}
Ve e @

For one full period, ¢ will go from ¢ = 0 to ¢ = 27, and thus the change in proper time
ATg the satellite experiences over the course of this orbit is simply

| R? 3R3 | R3 3RS
ATg = —S5 _ T8 gp=2 —5 _ 5 2.1
7S /0 GM 2 ¢=2m GM c2 (2.10)

If we evaluate this explicitly, we find that

ATtg &~ 43,102.943299 seconds , (2.11)

which is about 12 hours. Note that you might get a slightly different result depending on
what values of G and M you use, which is totally fine.

(3 points) To find the proper time an observer on Earth experiences while the satellite
undergoes a full orbit, we need to first calculate the coordinate time At it takes for this
orbit to occur. To compute this, we use the relationship (2.7) to express

R3
dt = G—]\Z do | (2.12)

and thus the coordinate time difference for one full period is

21 R3 R3
At:/ \ =2 de = 2my[ =2 . 2.13
0 GM GM (2.13)

Now, we need to relate this coordinate time to the proper time an observer on Earth
experiences. Note that the Earth observer is not following a geodesic; they are standing
on Earth (which we assume is not rotating), and thus r, 6, and ¢ are all constant for this
observer. Thus the proper time of the observer is given by

2GM
2 _ 272 _ 2 1,2
ds® = —cdr ——<1— c2RE>Cdt . (2.14)
Solving for dr, this yields
2GM
dr =4/1— ——=—dt . 2.15
T CQRE ( )

We calculated the coordinate time difference At required for the satellite to make a full
orbit in (2.13). If we integrate the above equation, we find that the proper time difference
Atg experienced on Earth during this orbit is

2GM 2GM R3 2R3
ATp = 1-— dt = /1 — At =2y | =2 — =25 2.16
TE / V"7 2Rg V"7 2Rg ™WGeM T 2Ry (2.16)

Importantly, this is not the same as the proper time experienced by the satellite! If we
plug in numbers, this comes out to approximately

ATg ~ 43,102.943280 seconds , (2.17)



which is again close to 12 hours. The difference between the satellite and Earth proper
times is

ATs — ATp =~ 1.9 x 1077 seconds , (2.18)

which is a very small (but non-zero) difference due to gravitational time dilation.

(2 points) In the absence of any relativistic effects, the time AT it takes for the satellite
to orbit is given simply by Kepler’s Law:

R
AT =2\ == . 2.19
Vi (2.19)
Notice that this is the same as the coordinate time At that we calculated earlier. Addi-
tionally, we could have also reached this same conclusion if we took ¢ — oo in either our
answer to problem 2 or to problem 3. We should also note that this is the same as the
time the observer on Earth would feel as the satellite completes one orbit. Time dilation
is a purely relativistic phenomenon, with no counterpart in classical mechanics.

If we plug in numbers, this non-relativistic period is given by
AT = 43,102.943310 seconds , (2.20)
which is actually greater than both A7g and A7g. To be more specific, the differences are

AT — Atg ~ 1.1 x 10~° seconds ,

2.21
AT — Atg ~ 3.0 x 107° seconds . ( )

So, not only do relativistic effects lead to a difference in the time felt between the observer
on Earth and the satellite on the order of 107° seconds, but the relativistic effects also
lead to a change in the proper orbital time itself, again on the order of 107> seconds.

These differences are small but non-negligible. If we were to use these satellites to trian-
gulate someone’s position on Earth by sending out light rays to the satellites, this error
of At ~ 1075 seconds leads to an error in measuring distances on the order of

Ad ~ cAt ~ 3 km per orbit . (2.22)

Over the course of just a single day, the satellite undergoes about two rotations, and so
the error thus accumulates to about 6 km if we do not account for relativity correctly! It
is therefore crucial for GPS navigation that we understand relativity.
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